Abstract The secretary problem for selecting one item so as to minimize its expected rank, based on observing the relative ranks only, is revisited. A simple suboptimal rule, which performs almost as well as the optimal rule, is given. The rule stops with the smallest i such that R i ≤ ic/(n + 1 − i) for a given constant c, where R i is the relative rank of the i th observation, and n is the total number of items. This rule has added flexibility. i) A curtailed version thereof can be used to select an item with a given probability P , P < 1. ii) The rule can be used to select two or more items. The problem of selecting a fixed proportion, α, 0 < α < 1, of n, is also treated. Numerical results are included to illustrate the findings.
Introduction
Consider a group of n items that arrive sequentially and are rankable without ties. The number of items n is known. A rank of 1 denotes the best item, a rank of 2 the second best, etc. It is assumed that all n! permutations of the ranks {1, ..., n} are equally likely.
The problem is to establish a rule that decides on whether item i is to be chosen based on its relative rank, R i , i.e., its rank among the first i items. Just as in the classical secretary problem, once a decision is made on an item, there is no recourse.
The performance of the rule depends on the absolute rank of item i, A n i , i.e., its rank among all n items, if it is chosen. In the classical secretary problem the objective is to choose a single item by means of an optimal stopping rule τ n that maximizes P (A n τ n = 1). Chow et. al. [2] consider the problem of finding an optimal stopping rule τ n for choosing one item minimizing the expected value of the absolute rank of the item selected. They show that the optimal stopping rule, satisfies This is an astonishing result since it shows that, for example, from one million items one can sequentially select an item with expected rank less than 4. Note that since one item must be chosen, if one has not stopped earlier, one must take one of the last few items. Since the last few items have expected absolute rank (n + 1)/2, the probability of this happening must be at most O 1 n , for the expected rank of the chosen item not to tend to infinity. The Chow et. al. [2] paper is heavily cited and has spawned many variations.
The optimal stopping rule in Chow et. al. for keeping one item, can in principle be determined by dynamic programming and so in practice is hard to implement for large n. The asymptotic form of the rule is to pass on the first γ 0 n items; choose the first item with R i = 1 after i > γ 0 n and up to γ 1 n; an item with R i ≤ 2 after γ 1 n (if none has been chosen before) and up to γ 2 n etc. The values of the γ i 's can be computed asymptotically. For example, from Ferguson [4] (Page 2.6), γ 0 = .2584, γ 1 = .4476, and γ 2 = .5640.
We consider finding simple stopping rules that perform well in minimizing the sum of the expected value of the absolute ranks of the items selected, when one or more items are desired. In Section 2, we pose a class of rules which are easy to implement, and specifically a rule that achieves asymptotic expected absolute rank of 3.928, nearly the same as the optimal rule. The rules that are posed have added flexibility. They allow for stopping rules that select an item only with high probability, P , of stopping. One can find rules that do substantially better than the optimal expected absolute rank of 3.89 by relaxing the "must" select an item only slightly. For example when the probability of stopping is at least 95% the asymptotic expected absolute rank (conditional on stopping) is 2.987. Yeo and Yeo [7] also consider stopping rules for secretary problems which do not necessarily stop with probability one, and include some asymptotic evaluations. Our approach is different from theirs in that we are considering simple suboptimal rules that perform well.
In Section 3, we consider the problem of selecting a fixed number, r, of items, r > 1. The optimal stopping rule can again be determined by dynamic programming. The simple rule we establish for r = 1 can be adapted to this problem as well, again producing nearly optimal results.
The above rules fix the number of items selected. Other rules select a random number of items satisfying a condition on the average number of items retained, for example the average number that is retained is a given proportion of n. The problem of sequentially selecting a group of items on the basis of their relative ranks, has recently been described in Krieger et. al. [5] . They consider a class of rules, termed, "percentage rules", for 0 < p ≤ 1, with the property that they retain on average an order of n p items, most of which are good. Simple rules that perform asymptotically optimally in terms of the sum of the absolute ranks and retain (approximately) a fixed given fraction α are described in Section 4. For the rules in Krieger et. al. [5] , as well as for the rules in Section 4, no prior knowledge of n is needed. In Section 5 we supply tables illustrating the results obtained in the earlier sections.
Retaining One Item
The optimal rule to retain one item that minimizes the expected value of the absolute rank can be found using dynamic programming for any n. This rule can be described by a sequence of integers r n (j); j = 0, ..., n with 1 ≤ r n (0) ≤ r n (1) ≤ · · · ≤ r n (n) = n + 1. Let i denote the index of the item. If i < r n (0) then the item is never accepted. In general, item i is chosen when its relative rank R i ≤ j and i < r n (j), provided no item has been retained earlier.
3
In this section we consider simple rules that are easy to implement, (i.e., with values of r n (j) that are readily available). To this end, let c ≥ 1 be a fixed constant, and let the stopping rule be
Note that the stopping rule t n (c) satisfies
We shall suppress the dependence on c in some of the following notation, where we consider c as fixed. Let a n (k) be the smallest integer greater than or equal to
Note that for small values of k (as compared to n) the values of a n (k) will be distinct, but for large values of k some consecutive a n (k) may coincide. Clearly t n (c) of (2.1) can be written as
One of our main interests will be in a "curtailed" version of (2.2), which stops with probability less than one. Let k s be a fixed integer with k s < n. Define
Clearly t k s ,n (c) will stop with probability less than 1. For fixed c and k s we are interested in finding the limiting probability of stopping, and the expected absolute rank upon stopping, as n → ∞. This is used later to determine c and k s to attain a desired probability P of stopping.
(where not stopping is considered t = ∞) and
where Q n (k s ) is defined by the above expression and let Q n (0) be the entire space.
Proof. To see (2.6) note that
Equation (2.7) follows similarly.
Proposition 2.1.
Proof. This follows from (2.4), (2.5) and Lemma 2.1.
To compute the expected absolute rank upon stopping note that
where A n i is the absolute rank, among n, of the i th observations. It fol-
, as well as its limiting value, to be
We now find the conditional(on an item being retained) expected absolute rank, E(n, k s , c) and its limit as n → ∞, E(k s , c) in
and when c > 1 Proof. We shall compute the expected value E(n, k s , c) by considering in which of the disjoint intervals, [a n (k), b n (k)] for k = 1, ..., k s , and at which value i inside that interval the rules stop. It is easily seen that
(2.13) To evaluate the limit, note that for k ≤ k s the value of i will be a fraction of n. Thus denote i/n = x. The term
. Dividing the numerator and denominator by n and letting n → ∞ yields 6 k k+c k in the numerator and x k in the denominator. Then it follows that for k < k s
and similarly, the corresponding limit for k s is
(2.15) Taking limits of (2.13) by substituting the limits in (2.10),(2.14) and (2.15) and simplifying somewhat, we get
where P (k s , c) is given in (2.8). Opening the square bracket and canceling yields
The result (2.11) follows from the definitions of α m and β m . Note that the negative term in (2.11), for c = 1 equals k s /(k s + 1) < 1, and is a decreasing function of c. We are interested in
and we have (2.12).
When 0 < c ≤ 1, however, the sum in (2.12) is infinte. An important issue is to show that the rule in (2.2) that is not curtailed behaves like the curtailed rule with k s → ∞, as given in (2.12), when n → ∞. It is sufficient to consider the curtailed rule with n = k s as n → ∞. Proof. In order to show that the convergence of E(n, k s , c) is uniform in k s as n → ∞, we need to consider the remainder term from (2.13) (for n > k 0 large)
(2.17) We want to show that R n (k 0 ) can be made arbitrarily small by choosing k 0 to be sufficiently large. We consider (2.17) in three parts:
Hence with k and n fixed, for A, B and D (used later) positive finite constants,
2. We next onsider the middle term in (2.17), which refers to the probability of obtaining a value in [a n (k), b n (k)] which would force us to stop for a given k. Note that for k s we can bound this probability trivially by 1. For k < k s an upper bound is c k+1 . The upper bound follows from
3. Finally, we bound the expected absolute rank, for i in [a n (k), b n (k)], by 
It is clear for c > 1, that the sum in (2.21) converges, and hence that sum can be made arbitrarily small by choosing k 0 sufficiently large. Likewise the last term, involving k s , tends to 0 as k s → ∞. So for any > 0, k 0 can be chosen to be suitably large to ensure that R n (k 0 ) < , as desired.
We have a class of rules that depends on the value of c. Since we are free to choose any c, the issue is to find the value of c that minimizes E(c) in (2.12). The following Theorem shows that this minimum exists and is unique.
It is therefore sufficient to show that (g i ) 2 + g i ≥ 0 for all i, with at least one inequality strict. It is straightforward to show that it is true for i = 1 since g 1 = log(c + 1). For i > 1
The inequality holds because h i,j + 1 > 2.
In Section 5 we list some values of the expected rank of the optimal rule, and compare them with the corresponding values of our simple rule, both when the latter stops with probability one, and with a given probability less than one. We find, numerically, the optimal c-values, which when stopping with probability one is about 4.2 and is not very sensitive to n, as seen in Tables 1 and 2 .
Retaining More than One Item
In this section, we consider the performance of the simple rules given by (2.3) where we allow the rules to continue until a given number of items, r, are retained. To this end, we extend the formula (2.8) for P (k s , c), which provides the probability that at least one item is retained when n → ∞, to the entire distribution for the number of items that these rules retain, asymptotically in n. Equation (2.11) that provides the expected absolute rank for the item that is retained by this rule is extended to the corresponding value when r > 1. Finally, a discussion of the implementation of the optimal dynamic rule and its behavior (in terms of the relative rank that is required for retention as a function of the item number) for fixed n is provided.
Let Z n denote the probability distribution for the number of items that could be retained using the simple rule. Clearly, Z n = n i=1 I i , where I 1 , ..., I n are a sequence of independent 0, 1 random variables with P (I i = 1) = p in = min ic n+1−i , k s /i where x is the largest integer less than or equal to x. Then Z n converges uniformly to a Poisson random variable (c.f., Barbour et. al. [1] , page 3). Let p (n) = max p in , i = 1, ..., n. Then
It remains to find the parameter λ * of the limiting Poisson distribution as n → ∞. Following arguments similar to those in the previous section
Specifically, it follows from Barbour et. al. [1] that Proposition 3.1.
The probability of retaining one item as n → ∞ is 1 − lim n→∞ P (Z n = 0) = 1 − exp(−λ * ) which agrees with the result (2.8).
We now turn to the limiting expected sum of the absolute ranks, denoted by E 2 (k s , c), for keeping r = 2 items, conditional on two items being kept, for simple rules given by (2.3), for fixed k s , as n → ∞. Let A 2 (k s , c) be the limiting expected absolute rank of the second item that is kept, assuming that the first two available items (by the rule) are kept. Then the expected absolute sum of ranks from the two items kept (conditional on two items being kept), is
where F (x) = 1 − F (x) and F is the cumulative distribution function of a Poisson random variable with parameter λ * . The expected absolute rank from the second item that is kept for fixed n can be written in a form similar to (2.13) by summing over instances that item k is the first one that is retained. Similar limiting arguments as n → ∞ yield
Substituting (2.16) and (3.2) into (3.1) yields the desired result.
The rule can be modified so that the value of c until the first item is retained, c 1 , is different from the value of c for selecting the second item, c 2 . The numerical results in Table 5 show that for the optimal choice of these values, c 1 > c 2 . This makes sense as this implies that the first item will be chosen rather early to allow for a sufficient number of items from which to make the second choice. This extends to retaining more than two items by means of different c values.
We now turn to the dynamic programming required to find the optimal rule of selecting r items, with probability one, r ≤ n. Let (m, j) be the state that the relative rank of item m is being observed and j additional items are required. Let C(m, j) be the minimum over all stopping rules of the sum of the expected absolute ranks from the last j items that are retained given the state is (m, j). The optimal solution to retain r is then C (1, r) . This implies that the optimal solution for retaining r out of n is obtained simultaneously for all r = 1, ..., n by one run of the dynamic program. Let h(m, j) be the largest relative rank of an item to be retained in the optimal solution given that the state is (m, j) .
The values of C(m, j) and h(m, j) are determined recursively as follows:
h(n, 1) = n and C(n, 1) = n + 1 2 ; C(n, j) = ∞ for j > 1.
Furthermore, since it is preferred to retain item m with
This implies that
Some values of C(1, r) for various values of n are given in Table 4 .
Rules That Retain a Given Percentage of Items
In this section we consider simple rules which, for a fixed given fraction α, 0 < α < 1, retain (approximately) the fraction α of the population of "good"
items. More specifically, if for fixed α, we denote by L n (α) the number of items retained by the rules considered, we show that
and
Let S n (α) denote the sum of the absolute ranks of the items retained by the rule. We furthermore show that
Note that this is optimal in the sense that if one could inspect all the items first, and pick the αn best items, then the sum of the ranks, B n would satisfy
Let 0 < α < 1 be fixed. We omit the index α. Consider Rule 1. Keep item j if and only if R j ≤ αj . Note that knowledge of n is not required to implement the rule. Let I j = 1 or 0, according to whether or not the j th item is kept. Then L n = n j=1 I j , and 4) and (4.1) follows. The second limit, (4.2), follows by noting that, by the independence of the R j 's, the I j 's are independent (almost identically distributed) Bernoulli variables, and applying the SLLN.
Combining (4.5) and (4.4) yields (4.3).
We now show that the sum of the absolute ranks, S n , suitably normalized, converges a.s. We first prove a result that shows that for any α the normalized sum of the relative ranks of kept items converges a.s. to half of the sum of the resulting absolute ranks.
where v i = αi . Then U i are independent random variables with mean zero. Let We are now prepared to show
Proof. Let G n be the sum over j = 1, ..., n of the contribution to the absolute rank A n j above R j for the items retained, i.e.,
where F n−1 is the σ-algebra generated by the relative ranks of the first n − 1 items.
Note that by Lemma 4.1
→ α 2 /4 a.s. Hence G n /n 2 a.s. converges from a theorem in Robbins and Siegmund [6] . But T n /n 2 converges a.s. from Lemma 4.1 and S n /n 2 = (G n + T n )/n 2 . Therefore, S n /n 2 converges a.s.
To see that the a.s. limit of S n /n 2 is α 2 /2, note that S n ≥ L n (L n + 1)/2 and thus by (4.2) lim inf S n /n 2 ≥ α 2 /2 a.s. Since S n /n 2 is bounded, it follows that E(lim S n /n 2 ) = lim E(S n /n 2 ) = α 2 /2, where the last equality follows from (4.3) and (4.1). Thus if P (lim S n /n 2 > α 2 /2) > 0 we would get a contradiction.
The simple rule discussed above satisfies L n / αn → 1 a.s. Suppose however, that it is desired that a rule keep exactly αn items. Can this be achieved? Below we exhibit a rule for which P (L n = αn ) → 1, and for which (4.3) holds. This is achieved by increasing the cutoff level for which an item is kept, somewhat. Rule 2. Fix 0 < α < 1 and 0 < ω < .5. Retain item j if
and if not already αn items have been chosen. Note that to implement this rule we need to know n.
Proof. Let X n be the number of items j, for which (4.8) holds, j = 1, ..., n. We shall show that P (X n ≥ αn ) → 1. Let I j = 1 if (4.8) holds for j, I j = 0 otherwise. Then P (I j = 1) = p nj ≥ p n = α + n −ω . Let Y n be a Binomial(n, p n ) random variable. Then X n is stochastically larger than or equal to Y n . Hence Proof.
.
Let j * 1 , ..., j * s be the at most αn smallest indices j ≤ n for which (4.8)
ES n ≤ αn (n + 1)(α + n −ω )/2 + (n + 1) log(n + 2)/2.
It follows that ES n / αn n → α/2 as n → ∞, i.e., (4.3) holds.
A result corresponding to Theorem 4.1, for Rule 2, follows in a similar way as for Rule 1.
Numerical Results
This section demonstrates the results from the previous sections. We first illustrate the findings from Section 2 where one item is retained. Table 1 presents the expected value of the absolute rank of the retained item of the optimal rule (based on dynamic programming for each given n) and the corresponding value and the optimal choice of c for the simple rule, which is evaluated directly for each given c.
It is apparent from Table 1 that the relative advantage of the using the simple rule is greater for large n. It is interesting that the performance of the simple rule is less sensitive to the value of n. Hence, when the number of items becomes large, the case where it is hard to implement dynamic programming, is when the simple rule performs almost as well as the optimal rule.
The choice of c in the simple rule should be taken to be about 2.4. This value of c is nearly optimal for a wide range of n. Furthermore, the actual performance does not vary much for different c near 2.4, as seen in Table 2 . Note from Table 2 that for n = 100, c = 2.30 performs better than c = 2.40, consistent with the findings in Table 1 .
In Table 3 we illustrate the performance of the rules which select an item with probability P < 1, along with their optimal c and k s . It is observed that even for P = .99 one does not need k s bigger than 11, for all n ≤ 10 6 . It is noted that for n ≥ 1000 the optimal values of c and k s do not change with n (up to the precision given). Table 4 lists the optimal sum of the ranks for keeping r, standardized by r(r + 1)/2 (which is the lowest possible attainable sum of ranks). Those values were obtained by the dynamic programming described in Section 3.
In Table 5 we list the performance of the simple rule which selects two items, with one c-value, and with c 1 = c 2 respectively. It is seen that c 1 = c 2 yields a large improvement. The optimal values are listed for comparison.
In Table 6 we list the corresponding conditional values when a selection is only required with given probability P . The same c is used for both choices. A comparison with the corresponding values in Table 3 shows that the second term improves the average (when divided by r(r + 1)/2 = 3).
Finally, in Table 7 shows the performance for Rule 1 of Section 4, for α = .1, .2, .3, .4 and .5 and n = 100, 1000, 10000. This is the only table that is based on simulations, with 1000 replications for each n and α. Since the probability of retaining an item is usually greater than α and at least equal to α, it is not surprising that the average number kept, when standardized by nα, is somewhat greater than 1. This effect is larger for small values of n. Similarly, the average absolute rank standardized by n/2 times the number kept, is slightly above α, especially when n is small . Table 2 : Sensitivity of one-choice simple rule to c c n = 100 n = 1, 000 n = 10, 000 n = 100, 000 n = 1, 000 Table 3 : One item selected with given P , Optimal c, k s and conditional expected absolute rank, and actual value of P obtained. r n = 100 n = 1, 000 n = 10, 000 n = 100, 000 n = 1, 000, 000 
